Abstract: This letter analyzes the meta-distribution of the transmission success probability (TSP) for vehicular networks based on a one-dimensional Poisson point process (PPP). We also propose a method to maximize the throughput across the vehicular network. Compared to the conventional spatial average performance assessment, the meta-distribution reveals the fraction of vehicles that operate at a target success rate of transmission across the highway. To this end, we propose a per-vehicle rate selection scheme to keep a target quality of service (QoS) level for all vehicles. The results reveal that operating at the spatially-averaged maximum throughput may lead to excessive variation in the performance of individual vehicles. However, with the proposed meta-distribution-aware rate selection scheme, the throughput variation among the vehicles can be significantly reduced (e.g., up to a 60% reduction).
Introduction
Vehicular communication is among the main issues for the imminent era of intelligent transportation systems (e.g., autonomous vehicles). Vehicular communications allow the exchange of real-time information between vehicles, which can improve road safety, reduce traffic congestion, and enable autonomous or cooperative driving. For instance, vehicular communications can be utilized to mitigate/eliminate human errors that are responsible for over 80% of road accidents leading to 1.25 million fatalities worldwide [1, 2] . In particular, safety information can be utilized either to mitigate human errors via drive-assist applications (this may include left turn assist (LTA), lane change warning (LCW), intersection management assist (IMA), etc. [3] ) or to eliminate human errors via autonomous driving. According to the Society of Automotive Engineers (SAE) standard, onboard safety applications mostly rely on the broadcast of two message types: periodic and event-driven messages [4] . First, the periodic messages are utilized to carry information about the vehicle (e.g., speed, heading, acceleration, brake level, and position). SAE defines such periodic messages as basic safety messages (BSMs), which should be exchanged among vehicles at a regular pace. Second, the event-triggered messages are occasionally generated based on safety conditions, mechanical issues, or road hazards. For both message categories, it is crucial to maintain a high level of communication reliability across the vehicular network.
The current vehicular communication standard (i.e., IEEE802.11p) coordinates the wireless channel access via the well-known carrier sense multiple access (CSMA) protocol. CSMA, however, has certain limitations such as it cannot support highly-dense networks where the channel interference is very high. In addition, CSMA does not provide reliable broadcast services. These issues motivate the research community to propose alternative channel access protocols. Some of these proposals utilize the time division multiple access (TDMA) via allocating different time slots to neighboring vehicles and, hence, reducing collision possibilities [5, 6] . Other research work aimed at enhancing the performance of IEEE802.11p by reducing the channel interference through controlling some transmission parameters (e.g., transmission interval, transmission power, and transmission rate) [7] [8] [9] . For instance, the European Telecommunication Standards Institute (ETSI) standardized the decentralized congestion control (DCC) mechanism that adapts such transmission parameters based on the estimated channel congestion level [9] .
Another example is the linear message rate congestion control (LIMERIC) algorithm, which is designed to control the channel congestion via changing the transmission rate of safety messages [10] .
Based on IEEE802.11p, this paper aims at selecting the optimal transmission rate that reduces the aggregated interference and, hence, maximizes the throughput across the entire network. In particular, we first analyze the transmission success probability (TSP) and its distribution across the network. We then formulate the average throughput using the obtained TSP. We finally solve an optimization problem to maximize the throughput by choosing the optimal transmission rate.
The remainder of this paper is organized as follows. Section 2 discusses related work, while Section 3 explains the system model along with the assumptions. TSP analysis and throughput optimization are presented in Section 4. In Section 5, the numerical and simulation results are discussed, while the conclusion and future work are given in Section 6.
Related Work
Due to the scarcity of the radio resources, utilizing spatial frequency reuse is essential to provide wireless access to every vehicle in the network. However, spatial frequency reuse induces mutual interference between vehicles, which may deteriorate communication reliability. In this context, a mathematical framework based on stochastic geometry is often adopted to assess the link performance of large-scale communication networks that are subject to mutual interference imposed by surrounding nodes [11, 12] . Recently, such frameworks have been applied to vehicular networks. For instance, the authors in [13] studied the packet decoding rate and success rate of transmissions for vehicle-to-vehicle (V2V) networks based on the ALOHA Poisson point process (PPP). The author in [14] derived the reception probability and the mean throughput for ALOHA-based linear vehicular networks. It was shown that the average throughput could be maximized by optimizing the transmission range. The authors in [15] analyzed how the power control and packet routing strategies affect the interference distribution in wireless ad hoc networks. In [16] , the authors analyzed the performance of multi-hop transmissions in a multi-lane highway vehicular network in terms of the aggregate packet progress. The work of [17] characterized the probability of successful packet transmissions in the intersection of two perpendicular roads. The authors considered the effect of the interference caused by the dense cluster of vehicles at the intersection. In [18] , the authors utilized queuing theory and stochastic geometry to characterize the performance of the IEEE802.11p protocol, which is widely adopted by commercial vehicular communication systems. The authors in [19] derived the uplink and downlink connectivity probabilities between vehicles and base stations (BSs) through multi-hop paths. The authors utilized the Poisson distribution to analyze the impact of the number of hops, transmission power, and BS densities on performance. Modeling the randomness of the roads beside the locations of vehicles was addressed in [20] . Based on a doubly-stochastic PPP, the authors derived an exact expression for the coverage probability. In [21] , the authors proposed two benchmark resource allocation algorithms for LTE-V2V networks. The authors analyzed the packet reception probability for the proposed algorithms over a highway scenario modeled as a one-dimensional PPP. The authors in [22] proposed a framework that models cellular networks in addition to vehicles on the roads using two independent Poisson processes. The authors provided the coverage probability of all possible transmissions (e.g., vehicle-to-vehicle, vehicle-to-BS, and BS-to-vehicle). In [23] , the authors analyzed the successful transmission probability of periodic and nonperiodic messages for LTE-V2V networks. The authors employed a geolocation-based access technique where they modeled the location of vehicles using a Matern hard core point process (HCPP). The authors in [24] characterized the coverage probability of urban mmWave vehicular networks where the urban streets were modeled by the Manhattan Poisson line process. However, the models in [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] focused on the spatially-averaged performance, which may hide significant discrepancies among vehicles' performance. To guarantee a network-wide performance for vehicles, a meta-distribution-based approach is required to capture the percentile-based performance (e.g., success probability) across the network [25] . In this paper, we study the meta-distribution of the transmission success probability (TSP) for vehicular networks and show how some network parameters like transmission activity affect the TSP percentiles. We also solve an optimization problem to maximize the throughput across the network and show how the adaptation of the transmission rate can decrease discrepancies among vehicles' throughput. The simulation results show that operating at the maximum value of spatially-averaged throughput may lead to significant discrepancies in throughput across the network. Interestingly, a slight deviation (as little as 7%) from the maximum value of spatially-averaged throughput offers a substantial reduction of up to 60% in the throughput variance among the vehicles across the network.
System Model
We considered a multi-lane highway scenario in which the locations of vehicles on traffic lane l were modeled as an independent PPP Φ l with intensity λ l vehicles/km. Since the transmission range was much larger than the road width, we could safely approximate the multi-lane environment as a single-line abstraction (SLA) model [26] , where all lanes are merged together into a single line (see Figure 1) . Hence, we modeled the network as a 1D homogeneous PPP Φ with the aggregate traffic intensity λ = ∑ l λ l vehicles/km. The complete set of vehicles was independently split into transmitting and receiving nodes with probabilities (q) and (1 − q), respectively. While V2V communications followed the IEEE802.11p standard, it was shown that the CSMA protocol of IEEE802.11p exhibited operations like ALOHA in the high-density scenarios [13, 18] . For the sake of simplicity of analysis, therefore, we assumed that ALOHA was the underlying MAC protocol for V2V communications. In this paper, the analysis was focused on V2V topology, the most widely-adopted type among vehicular network typologies. In other words, we assumed that each transmitting vehicle independently broadcast a safety message with probability p (hereafter, the term "transmission activity" is used to refer to p) and transmission power P t . It is required that each receiving vehicle correctly decodes the safety message declared by its nearest transmitting vehicle. We employed the standard power-law as the path-loss propagation model that is expressed by Frii's formula (4πx/y) η where x is the distance between the transmitter and receiver, y is the signal wavelength, and η is the path-loss exponent. The channel fading was assumed to follow a Rayleigh distribution with a unit mean power gain. Channel gains were assumed to be independent and identically distributed (IID) random variables. An interference-limited scenario was assumed, and hence, thermal noise was neglected. We also ignored the mobility effects since the transmission rate was much higher than the speed of the vehicles [27] . Furthermore, on highways, the relative velocity is quite small, and hence, we assumed a fixed topology for a sufficiently long time period.
Analysis
In this section, by conditioning on an arbitrary realization of Φ, we characterize the meta-distribution for the TSP across the vehicles in Φ via the b th moments of the TSP P s (θ). Without loss of generality, consider a test receiver located at the origin point •. The distance from the receiver to the nearest transmitter is represented by x • = argmin x∈Φ x such that · denotes the Euclidean norm. Then, the conditional TSP of a test link can be expressed by (1) .
Here, SIR is the signal-to-interference-ratio at the intended receiver, whereas h • ∼ exp(1) and h i ∼ exp(1), respectively, represent the power fading gains over the intended channel and the i th interfering channel, while a i ∼ Bernoulli(p) denotes the i th interfering vehicle activity, and Φ • = { x i , ∀x i ∈ Φ \ x • } is the set of distances from interfering vehicles to the origin. Figure 1 shows an example of a highway vehicular network represented as a one-dimensional PPP and provides a graphical representation of our system model. Similar to ( [25] Appendix A), P s (θ) in (1) was obtained by averaging over fading and transmission activity only. Although the realization Φ was fixed, P s (θ) varied from one link to another across the highway. To analyze the distribution of such variation, the meta-distribution for TSP was introduced in [25] , which is given by (2) .
F(θ, α) is a complementary cumulative distribution function (ccdf), which captures the percentile of vehicles across Φ that achieve a target P s (θ) with a probability higher than α. As discussed in [25] , finding the b th moment of the conditional TSP is a good alternative to the infeasible calculation of the distribution itself. The moments of the meta-distribution are characterized by the following theorem.
Theorem 1.
The b th moment of the conditional TSP for PPP vehicular networks is:
Proof. From P s (θ) defined in (1), the b th moment can be expressed as follows:
where (a) is obtained by conditioning on R = x • , then applying the probability generating functional of the PPP. We obtained (b) by de-conditioning on R using the 1D nearest neighbor distribution, which is given by f R (r) = 2qλe −2qλr , 0 ≤ r ≤ ∞. The expression in (3) was then obtained by a change of variables y = a r , followed by some mathematical manipulations.
Since the expression in (3) tended to one solvable integral, the moments could be obtained in a closed form. Following ( [25] Corollary 3), the exact meta-distribution could be expressed via the imaginary moments and Gil-Pelaez theorem [28] , which is given by (4).
Here, Im(·) denotes the imaginary part of a complex number; M jt was obtained by replacing b = jt in (3); and j denotes the imaginary unit.
To alleviate the complexity of the integral in (4), the meta-distribution could be approximated via the beta distribution [25] , which is expressed by (5) .
Here, I α (a, b) = 1 B(a,b) α 0 t a−1 (1 − t) b−1 dt is the regularized incomplete beta function.
Throughput Optimization
Assuming a fixed transmission rate of log(1 + θ), a packet can only be decoded at the intended receiver if P {SIR > θ}. Hence, the throughput was expressed as T = log(1 + θ)P s (θ).
In this section, we analyze the impact of the parameter θ on the spatially-averaged throughput E{T} and its variation across all the links. The optimal θ that maximized the mean throughput was first derived. Then, the variance of throughput could be obtained via Theorem 1.
The optimization problem for determining the maximum spatially-averaged throughput could be formulated as in (6) .
Here, M 1 is the first moment of the TSP, which was obtained by substituting b = 1 in (3). The optimal value of θ that maximized E{T} was obtained by solving (7) .
Substituting the objective function of (6) in (7), the optimal θ that maximized E{T} was obtained through (8) . From (8) , it was clear that the optimal θ was a function of the transmission activity p and the path-loss coefficient η, while was independent of λ.
To measure the variance of T across the network, we used the optimal θ in the expression given by (9) .
Here, M 2 (log 2 (1 + θ)) 2 is the second moment of the throughput.
Numerical Results
We first validated the developed model via independent Monte Carlo simulations for PPP realizations of vehicles along a two-lane 10-km highway scenario. For each realization, while the locations of vehicles were kept fixed, their channel fading and transmission activity were randomly varied with time. During the simulation, 10,000 SIR samples were collected for each vehicle to calculate the TSP per vehicle, then the meta-distribution of TSP was evaluated across all vehicles in the network. The intensity of transmitting vehicles qλ was 40 vehicle/km. Figure 2 shows the meta-distribution of TSPF(θ, α) versus the vehicles' percentile α for different network parameters. The close matching between the analytic model and the simulation results validated our mathematical framework. Figure 2a illustrates the simulation results for a different number of lanes (2, 4, 6, and 8 lanes), and the obtained results validated that the one-dimensional PPP representation of the vehicles was acceptable for the highway scenario. Figure 2b shows that lower transmission activity p increased the percentile of vehicles that achieved a target TSP. For example, at p = 1, about 50% of vehicles achieved a TSP of 0.8, while at p = 0.2, more than 90% of vehicles can achieved the same TSP. This result was due to the fact that decreasing the transmission activity p led to lower interference power, as well as lower interference correlation across time. This in turn (i) improved the mean TSP and (ii) reduced the variance of the TSP. Figure 2c illustrates that decreasing θ while keeping p and η constant enhanced overall performance, so more vehicles could achieve the target success probability. Figure 2d illustrates that with constant θ and p, variation in path-loss coefficient η also exhibited a noticeable impact on the meta-distribution. In other words, when η increased, the aggregated interference on the received power decreased, and hence, the percentile of vehicles that could exceed a target success probability α increased.
Based on the meta-distribution curves shown in Figure 2 , we could determine a set of data rates (e.g., via adaptive modulation and coding schemes) to be selected by vehicles in order to maintain a target TSP. Each vehicle should operate at the highest transmission rate that keeps its TSP above the target threshold. Otherwise, the vehicle decremented its transmission rate to achieve the target TSP. (As shown in Section 3, the transmission rate could be directly determined by θ.) Such rate adaptation can act as a congestion control mechanism. Figure 2c shows that for a target TSP of 80% and θ ∈ {−10, 0, 10} dB, approximately 20%, 50%, and 25% of the vehicles would select θ = 10, θ = 0, and θ = −10 dB, respectively. Figure 3a ,b emphasizes the fact that decreasing transmission activity p, or increasing the path-loss exponent η, monotonically increased the mean and decreased the variance of the TSP. For instance, in Figure 3a , for θ = 10 dB, η = 3, and p = 1, the mean and variances were 0.39 and 0.15, respectively; while at p = 0.5, the mean became 0.55, and the variance decreased by 33%. On the other hand, Figure 3b reports that as η increased, the mean success probability increased, while the variance decreased. 
Throughput Evaluation
In this section, using the formula defined in (8), we numerically found the optimal θ that maximized E{T}. Figure 4 shows the behavior of the optimal θ and its corresponding maximum E{T} with the variation in p. Figure 4a -c demonstrates the throughput performance with a constant η = 3 and increasing p = [0.2, 0.5, 1]. It was observed that the optimal θ that gave the maximum E{T} decreased as p increased. Figure 5 also reflects the same observations where the optimal θ changed with both path-loss coefficient η and transmission activity p. For a given η, increasing p led to a lower transmission rate (i.e., less θ and less log(1 + θ)) due to the higher interference. On the other hand, at a fixed p, increasing η led to a higher transmission rate due to lower aggregate interference (i.e., due to higher path-loss). Figure 4 highlights the important observation that we can significantly reduce the variance by carefully choosing θ to be slightly lower than the optimal value. While such θ values can incur a small loss in E{T}, it can reduce the unintended performance variations across the highway. For instance, Figure 4c shows that selecting θ = 7.4 dB instead of the optimal value, θ = 12.3 dB, reduced V{T} by 58% at a sacrifice of 7% in E{T}, but also reduced V{T} by 58%. In other words, the index of dispersion (IoD), i.e., the ratio between variance and mean, was reduced by around 55.5%. Therefore, by selecting θ with a minimal dispersion as described above, we can provide near maximum throughput with highly-uniform performance across most of the vehicles on the highway. 
Conclusions and Future Work
This letter analyzed the meta-distribution of TSP for vehicular networks. We obtained the moments in integral forms. Then, moment matching was utilized to approximate the meta-distribution with a beta distribution, where the accuracy of the approximation was validated via simulations. The results demonstrated that the transmission activity (p), SIR threshold (θ), and path-loss coefficient (η) imposed a significant impact on the TSP percentiles. For example, decreasing the transmission activity p increased the percentile of vehicles that achieved a target TSP. Based on this observation, an optimization problem was formulated and solved to maximize the throughput across the highway. The results for the throughput optimization showed that operating at the maximum mean rate may incur significant discrepancies among the vehicles' throughput. However, by employing the meta-distribution-aware rate selection, such discrepancies can be significantly reduced (up to 60%) with a slight deviation from the maximum rate (e.g., 7%).
In the future, we plan to analyze the meta-distribution for urban environments where the communication links can be non-line of sight. We also plan to consider the vehicle-to-infrastructure connectivity in our model.
